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Once more about gauge invariance in φ → γpi0pi0.
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It is argued that the realization of gauge invariance condition as a consequent of
cancellation between the φ→ γf0 → γpi
0pi0 resonance contribution and a φ→ γpi0pi0
background one, suggested in Ref. [1], is misleading.
PACS numbers: 12.39.-x, 13.40.Hq, 13.65.+i
Gauge invariance requires that the φ→ γpi0pi0 amplitude form be
A
(
φ(p)→ γ(k)pi0(q1)pi
0(q2)
)
= FµνT
µν , (1)
where Fµν = kµeν(γ) − kνeµ(γ), e(γ) is the γ quantum polarization four-vector, the tensor
T µν includes the φ meson polarization four-vector e(φ).
Since there are no charge particles or particles with magnetic moments in the process,
there is the low energy theorem
A
(
φ(p)→ γ(k)pi0(q1)pi
0(q2)
)
→ O(k) (at least!), (2)
when k → 0, (p = k + q1 + q2).
If you calculate the φ(p) → γ(k)f0(q) transition amplitude in field theory, using gauge
invariant method, you get [2]
A (φ(p)→ γ(k)f0(q)) ∼ Gf0Fµνp
µeν(φ)
= Gf0 ((p · k) (e(φ) · e(γ))− (k · e(φ)) (p · e(γ))) , (3)
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2where Gf0 is an invariant vertex free from kinematical singularities [3].
When k → 0, (p = k + q), there is the low energy theorem again
A (φ(p)→ γ(k)f0(q))→ O(k) (at least!), (4)
because there are also no charge particles or particles with magnetic moments in the process.
The authors of Ref. [1] constructed such a model in which Eq. (4) does not take place,
which is why they suggested to realize the low energy theorem (2) as a consequent of cancel-
lation between the φ→ γf0 → γpi
0pi0 resonance contribution and a φ→ γpi0pi0 background
one [1]:
A
(
φ(p)→ γ(k)pi0(q1)pi
0(q2)
)
∼
gpi
M20 −M
2
pipi − ıg
2
piρpipi − ıg
2
KρKK¯
+B(M2pipi), (5)
where
ρpipi =
1
M0
√
M2pipi − 4m
2
pi , ρKK¯ =
1
M0
√
M2pipi − 4m
2
K when Mpipi > 2mK ,
ρKK¯ = ı
1
M0
√
4m2K −M
2
pipi when Mpipi < 2mK ,
g2pi = 0.12GeV
2, g2K = 0.27GeV
2, M0 = 0.975GeV. (6)
The background term is parameterized in the form:
B
(
M2pipi
)
= C
[
1 + a
(
M2pipi −m
2
φ
)]
exp
[
−
m2φ −m
2
pipi
µ2
]
, (7)
where 1/a = −0.2GeV2 µ = 0.388GeV .
Note that all notifications and figures in the right side of Eq. (5) and in Eqs. (6), ( 7)
are taken from Ref. [1], see Eqs. (60)-(64) and (66) in Ref. [1] .
The low energy theorem (2) is got by the constraint
[
gpi
M20 −M
2
pipi − ıg
2
piρpipi − ıg
2
KρKK¯
+ C
]
Mpipi=mφ
= 0 , (8)
which leads to the (photon energy)3 = ω3 law for the soft photon spectrum, ω = (m2φ −
m2pipi)/2mφ.
But the authors of Ref. [1] missed that the low energy theorem takes place at every p2,
not only for p2 = m2φ, see Eqs. (1), (2). As a result the model of Ref. [1] pretends to gauge
3invariance in the e+ e− → φ→ γpi0pi0 reaction only when the total energy of beams in the
center-of-mass system E = mφ. Really,
σ
(
e+ e− → φ→ γpi0pi0, E
)
∼
∣∣∣∣∣ 1m2φ − E2 − ıEΓφ(E)
∣∣∣∣∣
2
×
∣∣∣∣∣ gpiM20 −M2pipi − ıg2piρpipi − ıg2KρKK¯ +B
(
M2pipi
) ∣∣∣∣∣
2
(9)
and hence the soft energy theorem ω3 for the photon spectrum takes place only at E = mφ,
but not at every E as gauge invariance requires.
If one tries to use the idea of Ref. [1] about cancellation between resonance and back-
ground contributions at every E, replacing mφ in Eq. (7) by E, one will get the discouraging
result
C = −
gpi
M20 − E
2
− ıg2piρpipi(E)− ıg
2
KρKK¯(E)
(10)
instead of Eq. (8), where
ρpipi(E) =
1
M0
√
E2 − 4m2pi , ρKK¯ =
1
M0
√
E2 − 4m2K when E > 2mK ,
ρKK¯ = ı
1
M0
√
4m2K − E
2 when E < 2mK . (11)
So, a new vector resonance with the mass E = mV ≈ 980 MeV and the visible width Γvisible ≈
70 MeV should be produced together with the φ meson in the e+e− → V (980)+φ→ γpi0pi0
reaction:
σ
(
e+ e− → V (980) + φ→ γpi0pi0, E
)
∼
∣∣∣∣∣ 1m2φ − E2 − ıEΓφ(E)
×
(
1
M20 −M
2
pipi − ıg
2
piρpipi − ıg
2
KρKK¯
+
b
∆
)
−
1
M20 − E
2
− ıg2piρpipi(E)− ıg
2
KρKK¯(E)
b
∆
∣∣∣∣∣
2
, (12)
where
∆ = m2φ −M
2
0
− ıEΓφ(E) + ıg
2
piρpipi(E) + ıg
2
KρKK¯(E) ,
b =
[
1 + a
(
M2pipi − E
2
)]
exp
[
−
E2 −m2pipi
µ2
]
. (13)
4The implication of this story is that every reasonable model should give the φ(p) →
γ(k)f0(q) amplitude in the form of Eq. (3) with a regular Gf0 that leads to Eq. (4).
Not pretending to a completeness of quoting, let us list a few papers about gauge invari-
ance in particle physics [4] including ones straight related to the process under consideration
[5].
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